Abstract. We introduce the finitistic extension degree of a ring and investigate rings for which it is finite. The Auslander-Reiten Conjecture is proved for rings of finite finitistic extension degree and these rings are also shown to have finite finitistic dimension. We apply these results to better understand a generalized version of the Auslander-Reiten Condition for Gorenstein rings. We also record how the finitistic extension degree behaves with respect to many change of ring procedures that arise frequently in the commutative setting.
Introduction
A cohomological condition for rings, now known as Auslander's Condition or (AC), arose out of unpublished work of M. Auslander related to the finitistic dimension conjecture (cf. the introduction to Chapter V of [1] ). While it is known that not all rings satisfy this condition [17] , several classes of rings which do have been identified and are these rings are known to satisfy longstanding homological conjectures.
In [10] L. Chirstensen and H. Holm undertook a thorough investigation Auslander's Condition. They showed that many of the properties that rings satisfying (AC) are known to have in common actually follow from Auslander's Condition. Inspired by the results and remaining questions from [10] , in the present paper we introduce the finitistic extension degree of a ring A, which we denote by fed(A). The finitness of this new invariant is a weaker condition than Auslander's Condition. We are able to recover several results known for rings satisfying (AC), and in some cases we also obtain their converses, under the weaker assumption that the ring has finite finitistic extension degree.
The outline of this article is as follows. In Section 2 we define the finitistic extension degree of a ring and examine the consequences that follow from its finiteness. In particular, we show that such rings satisfy the Finitistic Dimension Conjecture, the Auslander-Reiten Conjecture and the Gorenstein Symmetry Question. In Section 3 we specialize to rings of finite injective dimension and continue the investigation from the previous section. In this setting we are able to obtain converses to results from Section 2 and give the precise value of fed(A) in several important cases. In the Section 4 we show that finitistic extension degree behaves well with respect to some standard change of rings procedures in the commutative setting.
Finitistic extension degree
Throughout this paper we consider a left Noetherian ring A and we denote by A-mod the category of finitely generated left A-modules. We begin by recalling Examples of rings satisfying Auslander's Condition along with a discussion concerning its relationship with the Uniform Auslander Condition are provided in Appendix A of [10] . We simply remark that there are no known examples Artin algebras or commutative local rings of finite Krull dimension which satisfy (AC) but not (UAC). In fact, any ring of finite injective dimension satisfying (AC) must also satisfy (UAC) [16] , [19] .
Rather than considering all pairs of modules with eventually vanishing extensions, to define the finitistic extension degree we specialize to those modules having eventually vanishing self-extensions. One sees immediately from these definitions that whenever A satisfies the Uniform Auslander Condition, then fed(A) is finite. However, these conditions are not equivalent. In [17] Jorgensen and Şega provide an example of a commutative self-injective Artin algera that does not satisfy Auslander's Condition. This ring does satisfy the hypotheses of Theorem 3.3 in [23] and a slight modification of the proof of loc. cit. shows that the finitistic extension degree of this ring is zero (see Theorem 4.21 of [12] for a complete justification of this claim).
We now proceed with the following observation that relates ext.deg(M ) to the projective dimension of M , which we denote by pd(M ). 
In addition, we have: (1) 
. This shows that (1) holds.
We now assume that A is a local ring with maximal ideal m. If M has finite projective dimension, we compute its self-extensions from a minimal free resolution:
To show (2), we need to show that Ext n A (M, M ) = 0. This extension group is the cokernel of the map
The minimality of the above resolution gives im(∂ * (ϕ)) = im(ϕ • ∂) ⊆ mM for each ϕ ∈ Hom A (F n−1 , M ). However, F n is a non-zero free A-module and so there do exist maps in Hom A (F n , M ) whose image in not contained in mM . Therefore ∂ * is not surjective and Ext If A is a Noetherian ring, then it has been conjectured that fpd(A) is finite. This is known as the Finitistic Dimension Conjecture and was first recorded by H. Bass in [7] . If A is commutative and local, then the Auslander-Buchsbaum Theorem [8, 1.3.3] shows that fpd(A) is finite. For Artin algebras, however, the Finitistic Dimension Conjecture remains open. We refer to [15] for details concerning the relationship between this conjecture and Auslander's Condition. One easily obtains the following inequality between fed(A) and fpd(A) the previous lemma: Corollary 2.6. For any Noetherian ring A, we have fpd(A) ≤ fed(A).
Proof. If pd(M ) is finite, then we have pd(
Dimension shifting is a key ingredient in the proof of the next lemma. The following remark contains the facts that we will need, see e.g. [24] for more details. We let Ω n M denote an n th -syzygy of M . While the n th -syzygy of a any module depend on the choice of projective resolution, the isomorphism in (2.7.1) below is easily seen to be independent of this choice. 
Setting N = M and n = m, we see ext.deg(M ) ≤ ext.deg(Ω n M ) + d and these modules have finite extension degree simultaneously. Proof. We may assume that ext.deg(M ) is finite, otherwise it is evident that equality holds. We set m = ext.deg(M ) and appeal to Remark 2.7 to obtain the following vanishing:
Lemma 2.8. Suppose that A is a Noetherian ring, M is an A-module and d is a non-negative integer such that Ext
Since the direct sum of these four extension groups is Ext In Lemma 2.4 we showed that when M is an A-module of finite projective dimension the equality pd(M ) = ext.deg(M ⊕ A) holds. In the next result we show this equality extends to all A-modules when fed(A) is finite. An application of Lemma 2.8 now gives the following equality for each nonnegative integer n, the inequality is clear:
Since fed(A) is finite, this provides the necessary contradiction.
An immediate corollary of this result is that a strong version of the AuslanderReiten Conjecture holds for rings with finite finitistic extension degree. Before stating this let us recall the definitions. This condition was introduced in [3] where the authors conjectured that all Artin algebras satisfy (ARC). They then show that this conjecture is equivalent to a generalized version of a conjecture of Nakayama. This condition also been considered for commutative Noetherian rings. A natural generalization (ARC) is the following condition: Definition 2.11. We say that A satisfies the Generalized Auslander-Reiten Condition (GARC) if whenever M is an A-module such that Ext i A (M, M ⊕ A) = 0 for all i > n one has that pd(M ) ≤ n.
It is clear that any ring satisfying (GARC) also satisfies (ARC), indeed it is just the special case when n = 0. These are not, however, equivalent conditions for Artin algebras (see Remark 3.8 below).
The analogous version of the next result for rings satisfying Auslander's Condition is given in Theorem 2.3 of [10] . We note that while they consider a version of (GARC) for complexes rather than just modules, it is equivalent to the version we have stated here by Theorem 3.4 of [13] . It remains an open question if A Gorenstein when only id A (A) is known to be finite, that is whether id A (A) < ∞ implies id A o (A) < ∞. This has been called the Gorenstein Symmetry Question [10] .
It follows from the next proposition that the Gorenstein Symmetry Question is answered in the affirmative for Artin algebras of finite finitistic extension degree. Recall, from Chapter II of [4] , that when A is an Artin algebra and J is the direct sum of the indecomposable injective A-modules then the contravariant functor D(−) = Hom A (−, J) gives a duality A-mod → A o -mod.
Proposition 2.14. If an Artin algebra A satisfies the Generalized AuslanderReiten Condition, then one has the following:
If, in addition, id A (A) is finite then equality also holds on the right.
Proof. As observed in the proof of Corollary 2.12, we have that when A satisfies (GARC), there is an equality
The equality id A o (A) = pd A (D ( A o A) ) is provided by Lemma 6.9 in [2] . Together, these give the desired equality id
In order to demonstrate the stated inequality, first note that the A-module D( A o A) is injective. This gives the first equality below, the others are clear:
For the last claim, we now have that if id A (A) is finite and A satisfies (GARC), then A is Gorenstein. In [25] it is shown that this implies id A (A) = id A o (A).
Remark 2.15. It is not known if satisfying the condition (GARC) is also a leftright symmetric property. However, if A is an Artin algebra then fed(A) = fed(A o ). Indeed, if M is any A-module, we have
and an analogous argument will demonstrate the opposite inequality.
Applications for Gorenstein Rings
In this section we restrict our attention to rings of finite injective dimension, and we will give several conditions that are equivalent to fed(A) < ∞ for such a ring A.
In the next theorem we show that the following subcategory of A-mod detects the finiteness of the finitistic extension degree:
is the subcategory of (maximal) Cohen-Macaulay A-modules. Note that CM(A) is closed under taking syzygies and direct sums of modules. (5) to (1), is clear.
Proof. We set d = id(A). Then we have Ext
We point out separately the following converse to Corollary 2.12 for rings of finite injective dimension, which is simply a restatement of the equivalence of (1) and (2) in the Theorem.
Corollary 3.2. If A is a Noetherian ring and id(A) is finite, then fed(A) is finite if and A satisfies the Generalized Auslander-Reiten Condition.
In the case of commutative Gorenstein rings we can improve on the statement (3) from the theorem. In [5] it is shown that for a local complete intersection ring A one has an equality pd(M ) = ext.deg(M ) for each A-module M . The next corollary shows that that this equality extends to all modules over any commutative Gorenstein ring of finite finitistic extension degree. Before giving a proof of this, we record the following observation: In the next two corollaries, we show that the bound for fed(A) given in Theorem 3.1(5) is strict for commutative rings and Artin algebras having finite injective dimension and finite finitistic extension degree. Proof. We assume that A is an Artin algebra and that both id A (A) and fed(A) are finite. Then Corollary 3.2 gives that A satisfies (GARC) so Proposition 2.14 provides the equality ext.deg(D(
. This gives fed(A) ≥ id(A) and then Theorem 3.1 provides the opposite inequality.
The authors know of no commutative Gorenstein rings which have infinite finitistic extension degree. We now describe an example, due to R. Schulz, of a noncommutative self-injective ring Artin algebra A with fed(A) = ∞.
Example 3.7. Let k be a field and 0 = q ∈ k have infinite multiplicative order. Set A = k x, y /(x 2 , y 2 , xy − qyx). In [22] Schulz has shown that the A-module M = A/(x + y) has ext.deg(M ) = 1. Thus, fed(A) ≥ 1, and since A is self-injective (see 3.1 in [6] ), Corollary 3.6 gives fed(A) = ∞. This also shows that A does not satisfy the Generalized Auslander-Reiten Condition.
Remark 3.8. The conditions (ARC) and (GARC) are not equivalent for Artin algebras. We have seen that the ring A in Example 3.7 does not satisfy (GARC). Since this is a local self-injective Artin algebra with maximal ideal m and m 3 = 0 it follows from Theorem 3.4 in [14] that the Auslander-Reiten Condition holds for A. It remains unknown to the author if these conditions are equivalent for commutative (Gorenstein) rings, see also Remark 2.4 of [10] .
Remark 3.9. We have observed that all (UAC) rings have finite finitistic extension degree but these conditions are not equivalent, cf. Remark 2.3. We have shown that and many homological properties that hold for a ring A satisfying (UAC) hold under the weaker assumtion that the fed(A) < ∞. However, not all properties of (UAC) rings follow from this weaker hypothesis. Here we include an example of one such property.
In [16] it is shown that all commutative Gorenstein rings satisfying (AC) exhibit a symmetry property in the vanishing of Ext. This symmetry property is called (ee) in [18] , where an example of a commutative, self-injective ring A which does not satisfy property (ee) is given. A slight modification of the proof of Theorem 3.3 in [23] will show that the finitistic extension degree of this ring is zero (complete details are given in Theorem 4.21 of [12] ). That is, fed(A) < ∞ but A does not satisfy the property (ee).
Change of rings: The commutative case
Here we examine how the finitistic extension degree behaves under adjoining variables, quotienting by a regular sequence and completion for commutative rings. In this section we will always assume that the ring A is commutative. Similar results for rings satisfying (the Uniform) Auslander Condition have appeared in [11] , [16] and [20] . Proposition 4.1. Assume that A is commutative Noetherian ring and a = a 1 , ..., a n is an A-regular sequence. Then fed(A) ≥ fed(A/(a)) + n.
Proof. We show the case n = 1, i.e. the regular sequence consists of a single element a. A standard induction argument then gives the general case. We set A = A/(a). It is enough to show that for any A-module M of finite extension degree there is an equality ext.deg A (M ) = ext.deg A (M ) + 1. Given an A-module M there is a change of rings long exact sequence (see 11.65 in [21] ):
. If x is finite, then the above sequence gives that Ext When A is a commutative local Gorenstein ring, we show that equality holds in the previous proposition.
Proposition 4.2. If
A is a commutative local Gorenstein ring, and a = a 1 , ..., a n is an A-regular sequence, then fed(A) = fed(A/(a)) + n.
Proof. If fed(A/(a)) = ∞, then Proposition 4.1 gives that fed(A) = ∞. We may thus assume that fed(A) is finite. We first show that fed(A) is also finite. Next, we assume that fed(A/(a)) is finite. We show that fed(A) is also finite, and then the desired equality follows from the previous paragraph. By induction on the length of the sequence, it suffices to show the result when our sequence a is a single nonzero divisor a. We set X = X/aX. Suppose that M ∈ CM(A) and M has finite extension degree. We show that M is free and then fed(A) is finite by Theorem 3.1. For this, we have a short exact sequence:
and the resulting long exact sequence in Ext *
In particular, the extension degree of the maximal CohenMacaulay A-module M is finite. Theorem 3.1 then gives that M is free over A. Lemma 1.3.5 in [8] then gives that M is a free A-module, as claimed.
Corollary 3.5 now gives the first and third equalities below:
fed(A) = id A (A) = id A/(a) (A/(a)) + n = fed(A/(a)) + n, the second equility is provided by Corollary 3.1.15 of [8] . [5] it is shown that the equality pd(M ) = ext.deg(M ) holds for each A-module M when A is a local complete intersection ring. We close this section with a direct proof of this fact that does not require the use of support varieties. In view of Corollary 3.4, it suffices to show that these rings have finite finitistic extension degree.
Indeed, if B is a local complete intersection ring, then B ∼ = A/(a) for some regular local ring A and an A-regular sequence a. Since A has finite global dimension, it is clear that fed(A) < ∞. As we have B ∼ = A/(a), it now follows from Proposition 4.1 that fed( B) < ∞. Now Theorem 4.3 gives that fed(B) is finite because fed( B) is.
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